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Abstract. The path integral over the coherent states of the U(1/1) superalgebra is construc-
ted. It is applied to the Jaynes-Cummings model whose dynamical group is U(1/1).

1. Introduction

There exists an elegant method of constructing a functional integral representation for
a quanium system provided that its group of dynamical invariance is known. By the
group of dynamical invariance we mean a group whose Lie algebra is a spectrum-
generating algebra, so that the Hamiltonian of the system is an element of this algebra.
The functional integral for a system like that is constructed as an integral over
generalized Perelomov coherent states {(cs) (Perelomov 1972). These states may be
thought of as the set of states generated by the operators of the unitary irreducible
representation (UIR) of the dynamical group acting on a certain appropriately chosen
state vector. To illustrate this, some quantum-mechanical systems with the non-compact
SU(1,1) dynamical symmetry might be mentioned. These, in particular, are the
hydrogen atom, the Morse oscillator and superfluid Bose systems (Gerry and Silverman
1982, Gerry 1986).

In this paper we consider the problem of constructing U(1/1) cs and the path-
integral representation over those states for the simplest version of Fermi-Bose
interaction—the Jaynes-Cummings (1) model. U(1/1) algebra is known to be the 4D
superalgebra with compact U(1) x U(1} even subalgebra. It happens to be the dynamical
or spectrum-generating algebra for the 3¢ model (Buzano et al 1989},

One may hope to use some standard path-integral methods in studying jc and
related problems. One of them is based on the procedure of disentangling Pauli matrices
out of the symbol of T-ordering operator. But it happens to be rather tiresome even
for the simplest models (Kolokolov 1986). On the other hand, the standard method
of integrating over fermionic and bosonic variables in the holomorphic representation,
being very useful in the framework of perturbation theory, is practically useless in our
case. The U(1/1) cs path integral seems to be the most appropriate one for the jc-type
models.

2. ac model and U(1/1) superalgebra

The Jc model is assumed to be the simplest version of matter-radiation interaction. It
describes a two-level atom {or a single 3-spin) coupled linearly with a single bosonic
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mode (Jaynes and Cummings 1963). Using the notation of b and f for the bosonic
and fermionic modes, respectively, we have as usual
[, b*]1={ff"}=1 [, f1=0b,f"1=0.
In this notation the Jc Hamiltonian may be written as
Hic=2w,b"b+2w,f*f+Abf "+ b*fA. (1)

An atom is here supposed to be in the eigenstates with energies E =2w, and E =0.
The interaction constant A may be considered in equation (1) as a Grassmann or an
ordinary c-valued number. The Hamiltonian (1} is easily proved to be Hermitian. It
should also be noted that instead of the operators f and f ~ one could use Pauli matrices
by setting
o.=f" o_=f ay=f"f-1. (2)
Let us now recall the definition of U(1/1) superalgebra {Balantekin et al 1981).
The bosonic and fermionic bilinear combinations ™ b and f'f, entering into equation

(1), generate the Lie algebras of Ug(l) and Ug(1), respectively. The Bose-Fermi
bilinears bf " and b f close into the set b¥h, f*f under anticommutation

{of ", b7 fr=b"b+f"f {bf ", bf '} ={bf, bf}=0.

Thus, bilinear combinations bf 7 and fb" as the odd generators, and b*b, f7f as the
even generators form the Lie superalgebra U{1/1) with the even subalgebra U(1) x U(1).
The unitary operator 0 representing the U(1/1) supergroup action in the super Fock
space formed by a tensor product of the Fock spaces of operators b and f can be
presented in the form

U(w,, wy; 6, 8) =expliw,b*b+iw,f f+0b*f~bf*0) (3)

where complex Grassmann parameters § and 8 are supposed to anticommute with
fermion operators; w,, w.& Q.. Note that under the action of U (w;, wy, 6, 0) the
operators b and f transform through each other, but the commutation relations

(6,6 1={f7}=1
remain unchanged. .
Let us now express equatim} (1) in terms of the U(1/1) Casimir operator N =
ff+b"b and the generators M =3(b"b—f"f+1), Q=bf", Q" =b"f The Hamil-
tonian (1) becomes
f{=mz—wl+(w1+w2)1{1+2(w1——w2)1\2!+/\0+ Q. (4)
The following structure equations of U(1/1} hold:
{Q,Q}=N  [MQJ]=-Q  [M,Q"]1=Q"
[¥, N1=[Q, N}=[Q*, N1={Q*,Q"}={Q, Q}=0.
The uIRs of the superalgebra (5} are well known (de Crombrugghe and Rittenberg
1983). In our case the Casimir operator N whose eigenvalues label the 1rs of U(1/1),

takes on non-negative integer values. So, for any integer n > 0 we have a 2b IR which
in the basis of (|e,), e.)) is given by

Qﬂﬁ) = ‘/;|ez) Q+|ez) =0 Qlel) =0 Q|€2> = \/Hlel)
2M|ey=(n—1)|e,) 2M e = (n+1)le;) (6a)
ﬁ|e1)=n|el) N|ez)=n|e2)

)
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where

er=ln-x()  tea=imx(])  bblm=nim.

For n=0 the 1r of U(1/1) is 1D:

Q'led=Cley=0  Nley=0 |e0>=io>x(‘]’). (65)

At this point some remarks should be made. To consider the jc Hamiltonian (4) as
an element of the U(1/1) superalgebra, one must keep the parameter A in (4) as a
Grassmann number. In this case the Hamiltonian becomes an even generator of U(1/1)
and can be diagonalized by the appropriate rotation in the U(1/1) superspace (Buzano
et al 1989). But as we shall see later, in terms of the U(1/1) cs path integral there is
a possibility of considering both cases, the Grassmann and c-valued A. So, for the time
being, we do not specify the parameter A.

3. U(1/1) coherent states

We now describe U(1/1) cs as defined for the ordinary Lie groups by Pereiomov
(1972} and generalized for Lie supergroups by Bars and Giinaydin (1983). These states
are obtained by operating on a vector of the U(1/1) 1rs by a group element in the
form of equation (3). Consider a ‘lowest state’ |e,) that transforms irreducibly under
U(1) x U(1) and is annihilated by the operator Q. We define the U(1/1) coherent state
|#; n) labelled by the Grassmann parameter @ that belongs to the coset space
U(1/1)/U(1) xU(1) as

|0; n)y=exp(—6Q")|e,) =e,) —vn 6]es). (7
The overlap of two states |8; n) and |8'; n) is given as

(9'; n|@; n)=1+nd’6 =exp(nd’a).

dé de
n

i= les){e + e {e;| = J‘ exp(naﬁ)!ﬂ; n){8; n|

where [ denotes unity in the representation n. We use the following definitions:

Jd0=Jd5=0 Jede=J§d§=1.

Note that the cs (7) depend on the representation index n. For every value of n there
exists an overcomplete set of cs |6 n). For n =1 the cs (7) coincide with the sa-called
fermionic coherent states introduced by Ohnuki and Kashiwa (1978). It is quite natural
due to the fact that the operators Q@ and @Q at n=1 become the usual fermionic
operators, as follows from equations (6a).

It is straightforward to see that

'[(9; nle;Xel0; n) exp(—noﬁ)m—aﬁ_ ©)

n
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By virtue of equation (9) for any operator F acting in the 2D space spanned by |e))
and |e,} we have

de d6

Spﬁ=z_;(e,-|l:"|q)6,-j='[exp( n6)(8; n|F|6; n) (10)

For definiteness we assume that any Grassmann number is commutable with the states
e} and {e]:
8le)) =1e,)6 0(e,|=(e,|0 (the same for ).

For further use we present the averages over U(1/1) cs of the operators entering into
equation (4):

(6 n|Q*|6;n) _ (6; n|Q|8; n)
T-in_\_= ne (8.l my ng
AT, U, AUy PRIV, FRS
. (11)
(8; n|N|e; m_ . (6; n|2M|86; ")—n——1+2m§9
(8; n|0; n) (8; n|6; n) '
4, Path integral

We now consider the path integral over U(1/1) cs for the jc partition function
Z=8p exp(—ﬁﬁ).
On account of equation (10) we have

- . d8'™ ag™
Z=1+ 7% J‘ exp(—n8 @ ") (8", nlexp(-BH)|8"; n>_-r_1_ (12)

n=1

where the first term is nothing but

1= (e0|exp(—ﬁﬁ)|eo).

X {Encaf - exp(-—eﬁ)lfo; n¥&; n|8; n
N -—

g \ & 1.
xexXpy —n 2.. é’ké‘k ll dé. dé/n}.
k=0

T o B
12}

It is to be kept in mind that all Grassmann variables of integration 8, 8, £, &n., . . - &, &
are supposed to be labelled by the representation index n, as is done in equation (12).
To simplify the notation, we omit this dependence for the moment. For small ¢ we have

(& nlexp(—eﬁ)lé: ny
~(&; nl(1—eH)g; m)
=(&;nlg; m(1-eH(, §))
=(£&; nl&; nyexp(—eH (&, §))
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where

- (& nlHlgs m)
H(g, &) == ——+"—.
T (& nlgs )
The integration over 8, & in accordance with equation (10) yields
do dé

n

I exp(—nB)(0; n|éx ; n¥&o; n|6; n)

= 5p(|én ;nX&o; 1)

= Splle) (e, + nénex){esl o)

= 1+ nénéo = exp(=~néoén)
so that

Z=1+ Zl J kgo (d&, dc/n)

n=

N _ N - _ _
X exP(_" kZI L& — &) e kE H(&; &—1) — nfoko— nfofN)- (14)
= =1
The integration over &, &, in (14) can be carried out explicitly to yield

Z=1+ £=:1 J. kl;[] (d‘f—k déc/n)

N N B
X e"p("‘" k};ﬁ Ll —En)—& k);l H(&; fk—l))

En=—t
In the continuous limit this may be written as
Z=1+ % J DEM () DE™ (1)
r=1 J 700 = - £ (g)
B - . -
Xexv(—n J EDEM () dt—j H(g™, &™) dt) (15)
0

where we restore the n-dependence of the & Note that each of the integrals over £,
£ is normalized by the condition

g
J DEHDE™ (1) exp(—n [ EM(EM(e) dr) =2=8pl
£ y=-¢"(@) 0
For the 3¢ model, making use of equation (11) we obtain

Zyc=1+ X DE™(1) DE™(1)
n=1Jg"0=-¢"(p)

xem{—jﬁE“%ﬂé”n)M~2@h—mgﬁ—2mmﬁ—2uhuwﬂ

s 8
xj f‘"’g‘"’dt—\/ﬁj’ (E"')X+,\§‘"})dt) (16)

o 0

where the change £ => £/ vn, £ = £V/V/n has been made.
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If one considers A as a Grassmann parameter, the integration in {16) can be easily
performed in the usual fashion by making a simple shift of the integration variables
£(1) and ¢™(1). This leads to the known result by Buzano er al (1989), obtained
by direct diagonlization of the HJC (4). In the case of e-valued A the path integral in
(16) over £(1), £™(t) may be easily recognized as a partition function for a single
1-spin coupled with a constant field. To be more precise, let us consider the Hamiltonian

Hy=2Q0,+ o, +go_
&t and g being real and complex constants, respectively. The eigenvalues of the ﬁo
are +(Q%+gg)"? and —(Q*+ gg)"’?, so that
Zy=8p exp(—Bﬁo) =2 cosh ﬂ\/ﬂz_-i-g_g:.
On the other hand, through the fermionic operators (2) I:ID can be presented as
Ho=20(f"f - +ef+&f". (17)

As a result of equation (17) the fermion path-integral representation for the partition
function Z, is obvious (see, for example, Soper 1978)

zo=[ | DEDgexp(—J:Egd;-mj:fgd:—j:(gg+g§)d;+n,s)

JEWO}=—E(8)
Z(N=g=0)=2.

Note that equation (18) follows from our approach as a particular case. Namely, it is
a path-integral representation for the partition function Zo over ¢s (7) provided n=1.
Comparing equations {16) and {18} we. find

Zic=1+2 ¥ exp(=2nw,f+ B(w,— w,)) cosh v (w,— w2+ Adn. (19)
n=1

This enables us to conclude that the eigenvalues of the Jc Hamiltonian are
Ey=0 EX =2 n+w,—w t¥{w,—w,)*+AAn

which are the correct expressions (see, for example, Agarwal and Puri 1986).

5. Conclusions

The path-integral representation over U(1/1) cs, which we have considered for the ic
model, may also be applied to various nonlinear jc-type models, provided their
Hamiltonians belong to the U(1/1) enveloping algebra. For example, one can easily
obtain the path-integral representation for the partition function Z = exp(— BH) where

H=w1N+w2M+/\Q QQ" +QQ* QA.

On the other hand, to represent in a similar way the partition function of the ‘dressed’
jc or Rabi model, one has to deal with the Osp(2/2) cs. The sD non-compact Osp(2/2)
superalgebra happens to be the spectrum-generating algebra for the ‘dressed’ )¢ model
(Buzano et al 1989). To label Osp(2/2) cs, one has to use Grassmann and c-valued
parameters simultaneously and the corresponding path integral turns out to be a more
complicated construction. This and related problems will be discussed elsewhere.
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